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In models inspired by non-commutative geometry, patterns of gauge symmetry break- 
ing are analyzed, and SU(5) models are found to naturally favor a vacuum preserving 
SU(3)c x SU(2)w x U(1)y- A more realistic model is presented, and the possibility of 
CIh 1 D-brane interpretation is discussed. 

<D 

, §1. Introduction 

There have been many attempts to study the origin of the Higgs mechanism. 



Among these, a method using an idea of non-commutative geometry (NCG)I^ was 
proposed, BP in which it was shown that the Weinberg-Salam model can be recon- 
structed naturally from this viewpoint. The point of this formulation is to extend 
the definition of (gauge) connection so as to be applicable to some non-commutative 
space, where the Higgs fields are supplied as a connection of that discrete space. 
An intriguing feature of this formulation is that the Higgs fields naturally develop 
non-zero vacuum expectation values (VEVs) and break the gauge symmetry. 

The methods of NCG presented by Connes et al. are purely mathematical. 
^< Therefore it is of great interest ^o use their systematic approach in various sys- 



X 



terns of physics. G. Konisi et al.o' proposed a simplified framework for computing 
Higgs potential and Yukawa interaction terms derived from gauge kinematics on a 
certain disconnected submanifold (this base space is called M4 x Zn, where M4 is 
the Minkowski spacfctime). Some phenomenological models have been constructed 
along this line.tf' tf'Q) This framework gives a clear understanding of the Higgs 
fields as connection fields, and possesses fewer free parameters than NCG. Actually, 
in usual NCG, the direction of the gauge symmetry breaking can be chosen freely. 

In this paper, utilizing the fact that the method proposed in Ref. ||) has fewer 
parameters, we analyze the breaking patterns of gauge symmetries in some models. 
After featuring the breaking patterns of a few models, we show that a simple SU(5) 
model with an adjoint Higgs field prefers a vacuum which preserves the standard 
model gauge group, SU (3)c x SU(2)yy x U(l)y. Then it is shown to be possible 
to also obtain the electro-weak symmetry breaking under an assumption concerning 
the coefficients of the Higgs potential. In the final section we discuss the possibility 
of regarding the Minkowski spaces separated from each other as D-branes. 
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§2. Examples of M 4 x Z 2 



According to Ref. ||) , the potential for the Higgs fields associated with translation 
in a discrete space is given as 



V = jEE^ tr (Fkh(x,p)F^ h (x,p)) , 



(2-1) 



P k,h 



where k and h denote the directions of the translation in Zjv, and p is an element 
of Zjv- The real constant £, Pt kh is a normalization parameter. The field strengths are 
defined by use of Higgs fields H as 

Fkh(x,p) = H(x,p,p+k+h) - H(x,p,p+k)H(x,p+k,p+k+h) . (2-2) 

The simplest example is the case with a discrete space Z 2 - We can assign gauge 
symmetries to each element of Z 2 , and generally they are SU(N) and SU{M) [N > 
M). Then, only one Higgs field, H^, in the (N, M) representation appears, and it 
forms the potential 



^n^n (F kk ^(x,N)F^ 1 (x,N))+^ M tv M (F k -i k {x,M)F^- lk (x,M) 



where 



F kk - 1 (x,N)^5{-H t a H^ a , F k - lk (x,M) 



H 4 b H fl „ 



(2-3) 



The index k (k 1 ) represents the translation from N to M (M to N). When the 
constants £/v an d £m are positive, the vacuum minimizing this potential preserves 
the gauge symmetry SU(N-M) x U(l) M ~ l . 

In some cases, it is effective to identify some of the vector spaces V (acted on by 
the gauge rotation) associated with the elements of the discrete space, in order to 
obtain phenomenological models. For an example, let us identify the two in the above 
setup (therefore take N equal to M). 
The Higgs field S is then in the adjoint 
representation, and the Higgs potential 
is 



V = | (iV - 2 tr I7 2 + tr Z 4 ) .(2-4) 

Referring to the result of Ref. |^), the 
vacuum of the potential (2-4) breaks 
the gauge symmetry SU(N) down to 
SU{N - n) x SU(n) x 17(1), where n 
is the greatest integer not larger than 
N/2. 



Z"(adj. 




V(C N ) 

Fig. 1. The adjoint Higgs field is realized as a 
connection on discrete space. 
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§3. 517(5) model 

A fascinating feature of the SU(N) model (2-4) is that in the case N = 5 we 
obtain the standard model gauge symmetry, SU(3) x SU(2) x £7(1). The gauge 
group SU (5) is one of the candidates for grand unification, and the adjoint Higgs E 
is just the one needed for the symmetry breaking in the SU(5) GUT. 

In the usual minimal SU(5) GUT, one introduces a five-dimensional Higgs field 
H in order to realize the electro- weak symmetry breaking, as well as E. In the context 
of Ref . ||) , this matter content is suppliedcJ by adopting a space-time M4 x Z3 . This 
is shown schematically in Fig. |2l Vector spaces are assigned as follows: U(C 5 ) on 
M^\ V(C 5 ) on M^ and U(R X ) on M*f \ We have assumed that the vector spaces 
on m| 1} and M| 2) are the same as before. Hence the five-dimensional Higgs fields H 
which connect two M 4 's as M^^m[ 3) and M"j 2) ->-M 4 (3 } are the same. c*l 




Fig. 2. A schematic representation for obtaining also the five-dimensional Higgs fields. 

Let us calculate the potential for the Higgs fields. The Higgs field strengths read 
from the combinations of the translation in Fig. [2] follows: 



F k i = 




- H^E?, 


Fkk- 1 


= 1 - 


H^Hr, 


Flh = 


H r - 


— E^H a , 




= S' r - 


- H r W s 


Fhk = 




- H a H^, 

Fia ~ ^cflri 


F hh -i 


= 


- H a HV 


Fi-ik- 




F h -i h 


= 1 - 




F h -i h 




#tr _ H^ a E r a , 


Fi 1-1 


= S s r - 




Fk-^h 




E?-H r H^ a , 


. Fi-h ~- 




EIE\. 



(3-1) 



Here, the indices h, k and I denote the directions of the translation (see Fig. 3). Note 
that we have two scale parameters, di and dk, the distance between two Minkowski 
spaces (the other parameter dh is equal to dk because of the identification of M^ 

*•* Though fermions and their interaction terms can be introduced as in Ref. we concentrate 
on the Higgs potential in this paper. 

**' The gauge fields on M4 and are also the same. The gauge field on does not 

appear, since we put a real vector space on it. Thus the gauge group is only SU(5). 
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Fig. 3. The assignment of the distances and the translations between different Minkowski spaces. 
The region above the gray line is identified with the region below. 



(2) 

and M£>). Since the Higgs fields in the definition (2-2) are dimensionless, we as- 
sociate them with the length of the translation: H(x,p,p + k) = H(x,p,p+k)/dk- 
Moreover, the Higgs potential should have dimension four. Hence we make the naive 
assumption for the normalization parameter that £ P; kh = a-p,kh/ (^/c^/Dj where a v ^h is 
a dimensionless parameter expected to be of order 1. So as to obtain the hierarchical 
structure of the VEVs of the Higgs fields, we assume e = <C 1. 

From the relations (3-1) we obtain the Higgs potential as 



where 



Vi + eV 2 + e 2 V 3 



(3-2) 



Vi = 2bi (b-2ti(S 2 )+tv(S 4 )) , V 2 = 2(6 2 + h)(H^H - 2H^£H + H ] E 2 H) , 

V 3 = 6 4 (tr(i7 2 ) - + (H^H) 2 ) + (65 + - H^H) 2 + 46 5 . (3-3) 

*-* The potential (3-2) is different from that obtained in Ref. ^|). The latter was given through 
another configuration of vector spaces on M4 x Z3: 

1 



V 



a I (tr(r 2 )) 2 - tr(r 4 )| - (8a - 3c) tr(r) 2 + {b + 4c) (HiH) 2 - 4(6 - 4d)H*H 
+d {H ] E 2 H + (tr{E 2 )) (H^H) } + (-6c - 12d + e)H ] EH] . 



Though the authors of Ref. ||) introduced five arbitrary parameters, a, • ■ • , e, let us associate these 
with the distances between the Minkowski spaces, in order to give an appropriate dimension to the 
potential: 

0= d?°' 6= 4^> C =45f' d= 4aW/' 6 = - 

Here a, • • • , d are of order f . The parameter e does not stem from the kinetic terms of the Yang- 
Mills type, and therefore we set it to zero. The symmetry breaking of the GUT scale can be seen 
in the limit dk — > 00. (This corresponds to the limit e — » 0.) Assuming that the resultant breaking 
possesses the appropriate hierarchical structure (H) ~ y/e(E) {(H) ~ (£)), in this limit we have 
only the a-term and thus there remains only the adjoint Higgs E. 

For positive a, the potential of the a-part gives rise to a symmetry-breaking pattern SU(5) — > 
57/(4) x (7(f) (see Ref. ^|)), and for negative a, the potential turns out not to be bounded below. 
Therefore, this model has no realistic vacuum if the coefficients of the potential are set in the manner 
above. 
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Here we have used relations for the coefficients coming from the identification 

11 a i,l-H = a 2,//-! = bi , ai^-ifc- 1 = a 2,lh = t>2 , 
a3,ki = a3,h-n-i = h , ai )hk = a 2jk -i h -i = h , (3-4) 
a i,Wi-! = a 2,k- 1 k = h , a^ h -i h = a 3kk -i = fe 6 . 

As for the adjoint Higgs, the (tr 27 2 ) 2 term, which would be phenomenologically 
acceptable, does not appear in the potential. This is characteristic of our model, due 
to the structure of the field strength (3-1). 

To investigate this potential, it is useful to write the VEV of H explicitly as 
(hi, hi, hs, /14, h§) and put (27) = di&g(pi, p 2 ,p3,p4,ps). This is possible with the use 
of the SU(5) rotation. When solving the stationary condition for V, the constraint 
tr U = should be taken into account. Thus we add to the above V a term 
where A is a Lagrange multiplier. Then, the necessary conditions for minimizing the 
potential V are 



" l =0 & (b 2+bz )(i- p 2 )- e 



dhi 

8V 

dpi 

dV 



= 



b APi + (b 4 +b 5 +b 6 ) J2 \hj\ 2 + (65+^6) 

or hi = , (3-5) 

= & -46i (pi-p?) -e-2(b 2 + b 3 )\hi\ 2 (l- Pl ) 

+e 2 . hi{jp . _ \ h .\^ = o t ( 3 . 6 ) 

i)X =0 & E^ = °- ( 3 - 7 ) 

The pattern of the symmetry breaking of interest is required to have a hierarchal 
structure. Thus we add the constraint 27 S> H, or in other words, 

0( Pi ) » 0(hi)y/l . (3-8) 

The vacuum should satisfy Eqs. (3-5)-(3-8). 

It is natural for the coefficients to be given by b\ = b 2 = 63 = 64 = 65 = b§ = 1. But 
adopting these values, it turns out that the potential V is minimized at (H) = 0. 
Hence unfortunately, the electro-weak breaking does not occur. This is mainly due to 
the hierarchical structure of the potential (3-2). The global structure is given by the 
part Vi (leading us to the GUT breaking) , and the next order term V 2 determines the 
breaking pattern for H. As seen from the form of the potential (3-3), V 2 is bilinear 
in H, and therefore gives (H) = (or, if the coefficient in front of H^H is negative, 
it gives a large (H) together with V3, and the hypothesis of the hierarchy for VEVs 
is violated). 

Therefore, instead, let us assume the relation b 2 + 63 = 0. Then setting bi = 
64 = 65 = &6 = 1 for simplicity, a straightforward calculation shows that the whole 
potential V is minimized at 

(£) = i=diag(-2,-2,-2,3,3) , (3-9) 



(H) = (0,0,0, (U 5 ), where \h 5 \ = J - + — . (3-10) 
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In this way, we obtain a hierarchical structure of the gauge symmetry breaking of 
SU(b) GUT: SU(5) -» SU(3) C x 5*7(2) w x U(1) Y 5i7(3) c x C/(l) em . 

§4. Discussion 

In this paper, we have studied the patterns of the gauge symmetry breaking in 
models constructed along the proposal of Ref. ||). Applying the proposal to a simple 
SU(5) modeltll with an adjoint Higgs field, the obtained breaking pattern, SU(5) — ► 
5C/ (3)c x SU (2)w x U (1)y, is found to be very preferable phenomenologically. Then, 
this model was extended so as to include a five-dimensional Higgs field for electro- 
weak symmetry breaking. This is made possible by adding another Minkowski space, 
and under the assumption for the coefficients of the potential, the vacuum breaks 
the gauge symmetry down to SU(3)c x U(l) em with a hierarchical structure .tn) 

Though the connection Higgs formalism seems to be a nice idea to realize and 
explain the Higgs mechanism, it suffers from a problem of non-renormalizability. 
Actually, this formalism brings about a coupling reduction, and in general it is 
impossible to renormalize the obtained Higgs potential. One way to get rid of this 
difficulty is to regard the couplings in the Higgs potential as the one at a certain 
energy scale, i.e. the renormalization point. n> But then, what does this energy scale 
represent? A possible scenario t5P is to think of the Minkowski spaces separated from 
each other as D-branes, and consider the energy scale as the string scale. In string 
phenomenology, new methods for model construction have been exploited with use 
of D-branes, where our four-dimensional space-time is realized as a worldvolume of 
the D-brane.0) 

If we regard three parallel Minkowski spaces as D-branes, then the identification 

used in this paper and many other models in NCG becomes very natural The 

situation of Fig. 3 can be translated into a configuration of string theorytlfll as 
follows: consider 5 coincident D3-branes (the blobs in Fig. 3) and a parallel orbifold 
singular surface (gray line) located apart from those D3-branes. The gauge group 
on the D-branes is SU(5). (A gauge group SO (10) is obtained when the location of 
the orbifold singular surface coincides with tha t of the D3-branes.) The Higgs field 
£ can be regarded as a sort of Wilson line,H2P since it is a translational operator. 
The path generating a non-trivial Wilson line is the same as the configuration of a 
Dirichlet open string in a twisted sector. The scale of this system is the distance 
di/2 between the D-branes and the orbifold singularity. Another Minkowski space 

(3) 

M£> (the circle) is a single D-brane on the orbifold singular surface. The scale for 
symmetry breaking is determined by the distance between D-branes. 

Although on the above points, D-branes provide a natural interpretation of the 
configuration of this paper, D-branes are themselves supersymmetric objects. In the 
context of Ref. ||) and NCG, it is difficult to incorporate J\f = 1 supersymmetry. 
t3 Therefore, relations between string theory and NCG should be further clarified 



4) Minimal 517(5) GUTs in the context of NCG^'B are completely different from ours. 
**' We have not considered radiative corrections in this paper. 
***•' A similar situation can be found in Ref. |l^) in string theory. 
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(see related discussion in Ref. |l5|)) to understand gauge symmetry breaking, using 
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